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In this paper we present an analysis of the inductive reasoning of twelve Spanish
Secondary students in a mathematical problem-solving context. Students were
interviewed while they worked on two different tasks. Based on Polya’s steps and Reid’s
stages for a process of inductive reasoning, we propose a categorization of seven stages
for analyzing this kind of reasoning. In this paper we present some results of a previous
study of Canadas (2002).

Proof appears to be a red problem a different educationd levels. On one hand,
dthough Spanish pre-service teachers are accustomed to forma proof, they have
difficulties in proof teaching (Cafiadas, Nieto & Pizaro, 2001). On the other hand,
Secondary students do not make as much progress as they are supposed to in ther
reasoning. One possible reason lies in the fact that they cannot suddenly acquire the
necessary reasoning skills for developing forma proof. They need a period of time to
transform their dally reasoning into formad one (Jones, 1996). Some sudies show that
Primary and Secondary students are able to formulate conjectures, examine and judtify
them if they dat working from particular cases (Lampert, 1990; Hedy & Hoyles
1998). Some of these actions related to conjecturing are part of the inductive reasoning
process. We are interested in andyzing the way Secondary students go from particular
cases to generdization.

This paper consgts of four main parts. First, we present the theoreticad framework of the
sudy, which includes our proposad of categorization for inductive reasoning. Second,
we outline the methodology of our empirica study. Third, we present some sample data
organized according to the stages of our categorization and findly, we discuss some
results of the study.

THEORETICAL FRAMEWORK
I nductive reasoning

Inductive and deductive reasoning are the two traditiond types of reasoning considered.
We will focus on the firg one dthough we are conscious that sometimes it is very
difficult to separate them in students’ work. Inductive reasoning is very important from
a scentific viewpoint because it dlows us to obtain scientific knowledge (Pdlya, 1967).
In the particular case of mathemdtics teaching, Pdlya indicates that inductive reasoning
is a method of discovering properties from phenomena and of finding regularities in a
logicd way. We will congder that inductive reasoning in Mahematics Education is a
reasoning process that begins with particular cases and produces a generdization from
these cases.

There is a confusing term which involves proof and reasoning: mathematica induction
(MI). It is a formd method of proof based more on deductive than on inductive
reasoning. Some processes of inductive reasoning conclude with MI but this does not
aways occur. For example, we can not construct a correct proof by MI to justify that
the anglesin atriangle have a sum of 180° because the set of al trianglesis not ordered.

From the curricular perspective, we find that & Secondary level and in the two courses
before the univerdty, mathematics has as the man am developing a certan levd of
reasoning and abstraction. At the end of these studies, students must master operations
of abdract thinking that adlow them to understand conjecture formulation, observation
of paticular cases, experimentation, hypothess vdidaion, and to eaborate



explanations and theories structured in some way, etc. (M.E.C., 1989, p. 74). These
actions are related to inductive reasoning, aswe will see.

Stagesin inductive reasoning

Polya (1967) indicates four steps of a process of inductive reasoning: observation of
paticular cases, conjecture formulation based on previous particular cases and
conjecture verification with new particular cases. In this context of empiricd induction
from a finite number of discrete cases, Reid (2002) describes these stages: observation
of a pattern, the conjecturing (with doubt) that this patterns gpplies generdly, the testing
of the conjecture, and the generdization of the conjecture. Based on these studies and
taking into account our empiricd work (Cafiadas, 2002), we consder seven dages as
describing the inductive reasoning process. In the following paragraphs, we explan
these stages and we illustrate some of them in the context of the task of determining the
maximum number of regionsformed by n lines.

1. Observation of particular cases. The darting point is experiences with particular
cases of the problem posed.

2. Organization of particular cases. The students responses are different when they
ae able to organize particular cases in some way. They use different drategies to
sysematize and facilitate the work with particular cases.

3. Search and prediction of patterns. Observing particular cases (organized or not),
we can think about the next, unknown case. In this sense, dudents are thinking
about a possible pattern just for the cases tey are observing. They are not thinking
about gpplying the patternto adl cases.

4. Conjecture formulation. A conjecture is a Statement based on empirical facts,
which has not been vdidaed. This “conjecture formulation” is like Red's
“conjecturing (with doubt)” which means making a datement about al possble
cases, basad on particular ones, but with an element of doubt. A clear example for
this is when some sudents clam: “I think that you get the double of the number of
draight lines’ but they are not sure about that because they are thinking of what
happens in the first two particular cases.

5. Conjecture validation. When students formulate a conjecture with doubt, they are
convinced about the truth of their conjecture for those specific cases but not for
other ones. At this stage, they try to vaidate their conjectures for new specific cases
but not in generd. In our example, they might vaidate their conjecture by drawing
more than two lines

6. Conjecture generalization. Mathematics patterns are related to a genera rule, not
only to some cases. Based on a conjecture which is true for some particular cases,
and having vdidated such conjecture for new cases (conjecture validation), students
might hypothes ze thet the conjecture istrue in generd.

7. General conjectures justification. The first step on the way to confirm or rgect a
generd conjecture is vdidating it with particular cases. But this is not enough to
judify a generdisation. It is necessaty to give reasons that explain the conjecture
with the intention of convincing another person that the generdization is judified.
At this point, a forma proof can provide the find judification that guarantees the
veracity of the conjecture.

These dages can be thought of as levels from particular cases to the generd case
beyond the inductive reasoning process. Not al these levels necessarily occur, there are
alot of factorsinvolved (as will be discussed below).



METHODOLOGY
The problem posed

Cafadas (2002) chose two tasks to andyze inductive reasoning in a group of twelve
Spanish Secondary students. Here we have chosen one of the tasks considered in that
dudy to illustrate some of the results of the large set of data gathered. This task was
proposed to the students in an interview context in the following way:

“What is the maximum number of regions you can get in the plane if you draw of
draight lines?’

We notice here some specific characteristics of this problem that are considered for our
andyss. The correct answer was unknown by the students o it is a problem for them.
We attend that students recognize the general pattern. For this reason, we do not
mention the number of lines they have to draw. Students must notice the functiond
reaionship between the number of lines and the number of regions. This rdationship
relates to a second degree polynomid, which appears in Spanish Secondary curriculum.

Another important aspect was the way of representation. Although we posed the task in
a verbd way, one of our interests is to andyze in which type of representations the
students express their conjectures and their own judtifications.

The correct answer was unknown to the students so it can be considered a problem for
them. All the dudents dtarted by drawing dStraight lines when they heard the problem.
We show in what follows a correct (not the unique) way to solve this problem.

1 dtraight line 2 straight lines 3 straight lines
2 regions 4 regions 7 regions

Continuing with particular cases, we can get the following data that we organize in a
table:

Num. Straight lines Num. Regions
1 2
2 4
3 7
4 11
5 16

With these data, we observe that with the firg graight line, we get two regions, when
we draw two lines, we get four regions (two more than in the previous case); when we
draw three lines, we get seven regions (three more than in the previous case); when we
drawv four lines, we get deven regions (four more that in the previous case), etc.
Generdizing this pattern, we can say that when we draw the " line, we get n new

regions. In this sense, we can write the number of regions as 2+ é.i . Developing this
=2

expresson and caling &, to the number of regions, we get:

- égn(n+1) ,u_n(n+l)
a =2+ i=2+x+—Z-l=— 41
" a &2



After sudents’ conjecture formulation, they were asked to judify their conjectures. At
Secondary, we did not expect for a forma proof. Our am was to andyze if sudents can
develop a paticular way to judify their own conjectures and what characteristics these
ways of judification have.

I nterviews

We used individua interviews to observe the students reasoning. The interviewer was
one of the researchers and her am was to propose the problem to the students and ask
them questions in order that they explan wha they were doing. She had an interview
plan which dlowed her to guide students though questioning so that we could observe
their reasoning from particular casesto generdization.

Students

Secondary is an adequate level to investigate what happens to inductive reasoning in
this kind of problem from content and cognitive viewpoints. In Primary, mathematics is
drongly connected to empiricd facts and didacticd materids. Spanish  curriculum
cdams for Secondary that empirica-inductive reasoning must be reinforced in pardld
to the use of deductive reasoning. In this sense, we observe that there is an evolution
from the basc levd of mathematics, based on empiricd work and inductive processes,
to high levd mathematics based mainly on mathematical dStructures and relaionships
among them.

We interviewed twelve Spanish students (sx girls and sx boys) from the four years of
school before going to university (14-18 years old). We choose three students from each
year with different academic resultsin order to obtain awide variety of responses.

DATA COLLECTION AND ANALYSIS

We collected data in three complementary ways. the interviews were recorded on audio
tape, we gave worksheets to the students so that they could write their work (if they
wanted to) and the interviewer took notes during and after each interview about relevant
detalls that could not be recorded on the tape.

We andlyze thee data in a quditative way usng Nud*ist revison (N4). This program
alowed us to see the data in a Structured way and to discover details, patterns and
relations that would be more complicated to discover by hand.

For presenting and andyzing the data, we symbolize the students as 1, 2, 3 and 4
depending on the year to which she belongs to. A, B or C indicates high, medium or
low academic results. For example, 3A is a third year student whose academic results
are higher than her/his classmates.

In our analysis, we notice that not dl the stages in inductive reasoning are necessarily
present in dl tasks and not al dudents show the same dages for the same task.
However, there are two relevant characteristics because they appear in dl the stages:

- Spontaneity. We andyze if dudents were able to advance in their reasoning by
themsadves or, on the contrary, they need or even required the interviewer
intervention.

- Representation mode. We posed the problem in the verba language. However, we
consder four possble ways to express their reasoning related to this problem: verbd,
arithmetic, geometric and algebraic.

Moreover, we noticed some generd characteridtics that facilitate the advance of one
dage to the next one. These characteristics dlow us to compare the work of these



students in each stage but they can not be consdered as sub-stages because there is no
order relaion among them. We summarize thisin table 1

Table 1. Stages and characteristics
Stages Characterigtics
Number of particular cases
Observation of particular cases Type of particular cases
Systematic way
Organization of particular cases | Tables
Search and prediction of patterns | Based on...

Conjecture formulation Use of school knowledge
Conjecture validation Based on...
Conjecture generalization Characterization of even numbers

Justification necessity
General conjecturejustification Based on particular cases
Genera case

RESULTS

We will comment our results using the categorization described above and the relaed
characteristics. We will summarize some of the main results in two tables. In table 2 we
present the responses related to the first two stages which are related to particular cases.
In table 3 we summarize results mainly related to conjectures.

Table2. Particular cases

Student |Spontaneity] Number|Systemati ¢Organi zation

1C 4 X

1B X 5 X
1A X 4 X
2C 3 X
2B 4

2A X 4 X X
3C X 5 X
3B X 8 X

3A 5 X
4C 4

4B 5 X
4A 3

- Observation of particular cases. As we can see in table 2, seven students turned to
paticular cases in a spontaneous way, without any interviewer intervention. Findly (in
the rest of the cases with the interviewer’s suggestion), dl of them consdered a number
of particular cases higher than three, so their work was dmilar in this respect. This
common fact is relevant because they consdered (some of them, explicitly) that the
more particular cases they conddered, the easer it would be to obtain a pattern. They
had made a trandation from verbal representation to the graphical one.

One difference in work with particular cases that had influence on the outcome of the
problem solution was the sysematic way of drawing the draight lines. 1C, 2A, 3B, 4B
and 4A took into account the order of particular cases, starting by drawing one line and
they continued with successve cases. In other cases, the students tried with different
number of lines in no order. For example, 4C drew three lines and the next particular
cae he congdered was drawing eight lines.

- Organization of particular cases. Organizing particular cases can make it esser to
observe a pattern. All of the students a this stage were able to express the particular
cases in an aithmetic representation. As we can see in table 2, seven of the students
organized ther particular casesin tables or equivaent ways like lists of numbers.



- Search and prediction of patterns. The fird pattern we observed in the students
reasoning was in graphica representation, when most of them decided that they had to
drawv the new line for a paticular case, intersecting as many previous lines as they
could.

We observed thet it is very difficult to formulate a conjecture for students who have not
organised the data.

- Conjecture formulation. All of the students base their reasoning on the particular
cases they have conddered and as it is very difficult for them to obtain new particular
cases, they refer to ther knowledge about linear rdationships. In this sense, we
observed students who thought that they would get one more region than the number of
lines they drew; students who thought that they would get twice as many regions, and
sudents who tried to establish a proportiond reationship. They were not convinced of
these conjectures. They formulated them with some doubt because they could not be
surethey wereistruein generd.

- Conjecture vdidation. In the previous stage, they dmultaneoudy try to vdidate the
conjectures with particular cases. It is the method they use to be more convinced about
their own conjectures. Some students used particular cases to accept the conjecture. And
for other students, these cases dlowed them to notice that they had formulated an
invaid conjecture. For example, when 1A thought that he would get twice as many
regions, he clamed:

1A: yes. With two lines, four regions. Then with three lines, | must get six... but... no because | get

seven.

All of the students formulated a conjecture but in many cases, these conjectures were
not correct. They observed whether their conjecture were true for the particular cases
they consdered before. The following reaction of these students next was to verify
their initid conjectures with dl the particular cases they were able to draw. When they
had a conjecture that was vdid for them, they formulated a conjecture for the generd
case.

Table 3. Conjectures

Student |Infin. r‘::gﬁ'; Hinear Recurr. gggf;r;
ntl| 2n |Ruleof 3
1C X X
1B X X
1A X X X X
2C X X X X X
2B X X
2A X X X X X
3C X X X
3B X X X
3A X X X
4C X X X X X
4B X X X
4A X X X X

- Conjecture generdization. Eight dudents did not recognize the functional
rdaionship between the number of draight lines and the number of regions a the
beginning of ther reasoning, dthough they had been working with some particular
casss. These students clamed that, as they can draw as many lines as they want, they
can get an infinite number of regions. The interviewer tried to guide them towards the
objective of the problem.



The second general conjecture was consdered by dl the students except 3B and 4B.
These ten students noticed that the more lines they draw, the more regions they get. This
fact isindicated in table 3 as“smple raionship”.

All the gtudents except 1A, 2B and 3A used dgebraic language to express thelr
conjecture for the general case. They clearly kept in mind the link between this kind of
language and the generdization process.

Seven sudents noticed the recurrence relationship, observing the difference between
two consecutive paticular cases, dthough not dl of them expressed it in the same way.
Mog of them, athough they tried to use agebraic language, were able to express the
recurrence in arithmetic or verba language. In generd, they had difficulties expressng
the recurrence reationship in agebraic terms. For example, we observed student 3B,
who feds completey confused in this sense:

3B: uff! [...] the difference between this case and the next one, we consider "z". Then "z" will be the
difference and "x" is the number of lines. "y" is another number of regionsand "a" is another number
of regions. Then "z" will be... will be... ufff, | don’t know.... [...]. Let's see, here we have a set of
regions, they will be "x", "y" and "h". Then the differences between "x" and "y" will be "z". The
difference between "y" and "h" will be“z+1". The difference between "h" and "j" will be“z+2".

Other students noticed that the recurrence relaionship is useful on some occasions but

not dways. For example, 4B clams.
[...] I don't know how to express numbers.. there is something here that not... | don’t know how to
write that because if | use the number of lines that we had in the previous case, then | need to know
the other number... and that number iswhat we had in the previous too plus...

But athough some sudents recognize the limitations of the recurrence reaionship, just
one of them (2A) detected a different way to generalize the functiond relationship.

- Genegrd conjecture judification. No student recognized the necessity of judifying
their result on their own. They saw the result as an evident consequence from particular
cases, without needing any additiond judtification to be convinced of its truth.

DISCUSSION

We show a caegorization of seven dages for describing the inductive reasoning
process. These have arisen from concrete tasks but they have a generd character that
permit us to use them for other problems. Every stage admits some characterigtics that
depend on a number of factors, such as the kind of task or the students involved. We
have presented them in a genera way, so they might be applied for other problems, too.

Inductive reasoning appeared implicitly or explicitly in the work of al the Secondary
sudents interviewed. Students turned to particular cases when they tried to get a generd
pattern, so we can conclude that inductive reasoning appears naturdly a these
educationa levels. These students show a tendency to take an empirica approach rather
than to work with mathematica dructure. We are now collecting new Spanish data that
suggests the same idea, which is in contrast with the curricular expectations of students
at the end of Secondary levd.

The saven dudents who judtified the generd conjecture found a mathematica pattern
from particular cases obtained from the characterization used in ther judifications. This
confirms that searching for paterns is a reevant and necessay sep in inductive
reasoning process in lower University levels and this kind of work can provide students
a way to get the generdization process in a more dgnificant form. In this sense, if
dudents do not have habits of mind needed in order to discover a mathematica
dructure from paticular cases, it will be very difficult for them to work with
mathematica structures significantly in later courses.

Many students considered the conjecture obvious on the basis of particular cases and
did not think a generd conjecture judification necessary to vdidate their statements.



Spanish students a these levels are ill not accustomed to proving their conjectures. In
some way, Sudents have vaidated their conjectures with some particular cases and
some of them recognize the need to prove the generd expresson to be convinced of its
truth. Thiskind of activity can be used to introduce students to judtification tasks.

We have found two main points where students have difficulties. The firgt point was in
finding the pattern. Even when they organized some particular cases of the underlying
pattern, they did not know how to obtain the pattern. They consdered the linear pattern
but did not try the quadratic function as a possble pattern, in spite of their work with it
in mathematics dasses. The other difficult point was when they had found the paitern —
the recurrence relation in most cases - and they did not know how to express the pattern.

Algebraic language appeared in dl cases when the sudents tried to express the
generdity of the pattern. So generdization activities can be conddered as a way to
introduce agebra, as Mason pointed out (Mason, 1996).

In generd, students do not fed sure with their own work and they need — even require -
the interviewer’ s intervention.

We did not notice dgnificant differences among dudents reasoning in the different
courses of Secondary leve. It happened in the same way with students with different
academic results belonging to the same year. We only detected some differences in the
way they expressed their argumentations.

Acknowledgments
| wish to thank David Reid for his remarks on a previous version of this paper.

Refer ences

Boletin Oficid dd Estado. (2003). Real Decreto, 831/2003 y 832/2003. Madrid:
Ministerio de Educacion y Ciencia

Cafadas, M. C. (2002). Razonamiento inductivo puesto de manifiesto por alumnos de
secundaria. Granada: Universidad de Granada.

Cafiadas, M. C., Nieto, E. & Pizarro, A. (2001). El vdor de la demostracion en la
educacion secundaria In J. Berenguer, B. Cobo y J. M. Navas (Eds.). Proceedings of
Investigacion en el aula de matematicas. retos de la educacion matematica del siglo
XXI, Espafia, 167-172.

Hedly, L. & Hoyles, C. (1998). Justifying and Proving in School Mathematics.
(Technical Report on The Nationwide Survey). Ingditute of Education, Univergty of
London, February, 1998.

Jones, L. (1996). A Developmentd approach to proof. Proceedings of the 8"
International Congress on Mathematical Education, 109-154.

Kichemann, D. & Hoyles, C. (2002). Students’ understanding of a logica implication
and its converse. In A. Cockburn & E. Nardi (Eds). Proceedings of the 26"
International Group for the Psychology of Mathematics Education, Norwich UK,
Voal. lll., 241-248.

Lampert, M. (1990). When the problem is not the question and the solution is not the
answver: Mathematicd knowing and teaching. American Educational Research
Journal, 27, 29-36.

Mason, J. (1996). Expressng Generdity and Roots of Algebra In N. Bednarz, C.
Kieran & L. Lee (Eds), Approaches to Algebra. Perspectives for Research and
Teaching, pp. 65-86. Dordrecht/Bostor/London: Kluwer.

Pdlya, G. (1967). Le découverte des mathématiques. Paris: DUNOD.

Reid, D. (2002). Conjectures and refutations in Grade 5 Mathematics. Journal for
Research in Mathematics Education 33(1), 5-29.



